Abstract. We examine the bending of a Mindlin-type thermoelastic plate when the source terms are time-harmonic with angular frequency oj , and sufficient time has elapsed for the system to have reached a steady-state. We show that in an infinite plate the solution can be represented as the sum of five waves all but one of which exhibit damping. By formulating appropriate radiation conditions we prove uniqueness results for exterior boundary value problems subject to certain regularity assumptions and a condition on the angular frequency of oscillation.
1. Introduction. In time-harmonic problems for the wave equation [1] : r)2 c2Au + f{x,t) = -j (t > 0,xeR2) (1.1) dr (here / is a vector of sources and u is the displacement vector), the time dependence of all sources of disturbance is assumed to be harmonic. That is, they may be represented in the form f(x, t) = Re[F(x)e~iu"] (1.2)
where F may be a complex-valued function of position. It is now reasonable to assume that the solution takes the form u{x, t) = u(x, t) + Re[C/(x)e"""'] (1.3) where again, U may be complex-valued. The first term on the right-hand side of (1.3) is called the transient solution and the second term the steady-state solution.
The initial conditions influence the system only through the transient part while the boundary conditions are assigned to U(x). We now assume that a sufficiently long period of time has elapsed so that the transient part u(x, t) has vanished [2] , Hence, if we are interested in the response of the system long after the monochromatic excitation began to act, the steady-state part constitutes the solution no matter what the initial conditions. The initial-boundary value problem is then replaced by a boundary value problem that simplifies the analysis.
The study of such "steady-state" solutions for (1.1) leads to the well-known problems for the reduced wave equation (see, for example, [3] ).
In this paper we study steady-state solutions of thermoelastic plate bending by applying the above reasoning to the linear thermoelastic thin plate model introduced in [4] . As in the case of (1.1), the simplifications leading to the reduced wave equations of thermoelastic bending lead, in certain cases, to a loss of uniqueness because of the appearance of proper oscillation frequencies. In the case of exterior boundary value problems for the reduced wave equation from (1.1), uniqueness is usually guaranteed by imposing the Sommerfeld radiation condition [1] . A similar approach is taken by Kupradze in [5] for the general equations of elasticity and thermoelasticity.
The equations considered here, however, display characteristics not previously encountered in the literature.
The main difficulties arise when we try to apply Helmholtz's theorem to a solution of the bending equations in the exterior domain. The decomposition is not as straightforward as in classical thermoelasticity [5] . Only one part satisfies a Helmholtz equation so that we can impose only one Sommerfeld-type radiation condition. Nevertheless, with repeated applications of Rellich's Lemma and standard results from potential theory [3] , we prove uniqueness results for corresponding boundary value problems of the Dirichlet, Neumann, and mixed-type for the bending of an infinite thermoelastic thin plate with a hole.
Steady time-harmonic oscillations are an important state in their own right, frequently occurring in practical applications, but also very significant in the study of full dynamic problems [5] .
The thin plate theory on which our model is based is presented in [6] and compared to classical plate theory, in the case of flexural waves, in [7] , Throughout the paper Greek and Latin subscripts take the values 1, 2 and 1, 2, 3, respectively, summation is carried out over repeated indices, x = (x, , x2) and x = (xl, x2, x3) are generic points referred to orthogonal Cartesian coordinates in 2 3 R and R , respectively, a superscript T indicates matrix transposition, ( thin elastic plate, where 5 is a domain in R bounded by a simple closed C -curve dS and 0 < hQ = const. < diamS is the thickness. We assume that, in addition to mechanical loads, the plate is subject to an unknown temperature distribution t(jc, , x2 , x3 , t) (t is time) measured from a reference state of uniform temperature distribution tq , at which temperature the plate is free from thermal stresses and strains. It is further assumed that the plate is elastically and thermally isotropic.
The equations of motion for the bending of a Mindlin-type thermoelastic plate are [4] :
Here we have u = w(xa, 0 = (w, , w2, 0)T; w3 = u3(xa, t);u4 = u4(xa, t) = /-V2 <**3 ; H = H(Xa ' 0 = (^1' HV °)T ' ^3 = ^ ,05^ = 7V(Xq , 0 ; 2 2 h -h0/12; A and are the Lame constants; er denotes the thermal strain; a is the coefficient of thermal expansion; t] -(2p + 3A)ar0//l0; K = AQ/{pc)\ p and c are, respectively, the mass density and specific heat of the plate, and A0 > 0 is the (constant) coefficient of thermal conductivity. It should be noted that H and F} characterize resultant body forces and couples, and forces and couples on the plate's faces; N is a known quantity that represents heat generation within the plate and measurements of temperatures of the faces and in the surrounding medium. In accordance with the plate assumptions [4] characterize displacement and u4 the resultant "thermal moment" on the plate's middle surface.
In what follows we assume that p> 0, c>0, a>0, p>0, 3A + 2/u>0, tq>0. (2.4) Suppose now that all source terms are separable with respect to space and time and that the time dependency is periodic, e.g., 5) where co G R+ is the frequency of oscillation and m = mw + im (2) i.e., we assume that the system has reached steady state. The equations (2.1)-(2. . . ,2, A.
This is without loss of generality since, as in [5] , if m, /3, and n are sufficiently smooth, then the problem of solving (2.8)-(2.10) reduces to that of solving (3.1)-(3.3) and the construction of a particular solution in the form of a Newtonian potential.
As in [5] we can prove the following theorem. from (3.12) we obtain (3.5) and from (3.6)-(3.9), we obtain (3.10) and (3.11). □ 2 Note 3.3. If we impose the condition a> > CJh [8] where Ct = n/P is the speed of transverse waves in an infinite elastic medium, then kt > 0 and (3.5) is seen to represent the sum of five waves, four moving with different speeds and all damped except for the shear wave, which is unaffected by the thermal effects.
4. Radiation conditions. The steady-state system (3.1)-(3.3) is more amenable to mathematical treatment than its full dynamic counterpart (2.1)-(2.3). However, associated boundary value problems for (3.1 )-(3.3) lose the uniqueness property proved for the corresponding initial-boundary value problems for (2.1)-(2.3) [4] , This loss of uniqueness can be explained by the presence of eigenfrequencies in (3.1)-(3.3) . In bounded regions there is no unique solution for a discrete spectrum of eigenfrequencies. In the case of unbounded regions (exterior boundary value problems) uniqueness can be secured by requiring that any solution of (3.1)-(3.3) satisfy radiation conditions similar to the Sommerfeld radiation condition for the wave equation [3] , Let S+ = S and S = R2\(S+ U OS). The right-hand side of (5.7) can be written as 
